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METHOD OF WEIGHTED
RESIDUALS

166
METHOD OF WEIGHTED RESIDUALS

To understand the Method of Weighted Residuals
(MWR), let’s consider the example of transient thermal
response of a lumped mass. Given,

O IT_umpet_il_ mass A = surface area
€mp-. To V = volume
p = density

¢ = specific heat

h = convection coefficient
Q /\MSurface_ T =time

convection T = Temperature

Want: Lumped mass temperature, T = T(t) = ?

Water
Temp., Ty
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TRANSIENT RESPONSE OF

LUMPED MASS

Conservation of energy:

Energy in - Energyout = Energy stored
0 - hA(T-T,) = pcV ”
0T 4 v oty = o
pcV=—* hA(T-T,) = 0
(4%
with initial condition: T(z=0) = T,
To easily solve this ODE, let’s denote, o
Non-dimensional temperature 3 = r-T,
To-T.
Non-dimensional time i = NAT
2\
then the ODE & IC become, pev
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TRANSIENT RESPONSE OF
LUMPED MASS
ODE: P ex = o
dt
IC: X(=0) = 1
To solve for exact solution, (t), we separate the
variables, dx _ -dt
X )
then integrate Inx = -t+ B

where B is the integrating constant which is zero after
applying the initial condition. Thus, the exact solution

-f

is, ¥ o= %) = e
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TRANSIENT RESPONSE OF
LUMPED MASS

14 Exact solution:
X o= %) = et
approaches zero
0 as
I =t
0 1

Now, if we don’t know the exact solution, and we
want to use the method of weighted residuals to find
approximate solution for 0 <t<1.
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METHOD OF WEIGHTED RESIDUALS

Assume an approximate solution in the form,
#(f) = 1+ Cit + C,t?
where C, and C, are constants to be determined. Note
that if we substitute this approx. sol. into the diff. eq.

d}s + X = 0 infact = R
di
ie., Ro= (0+Cp 20,0 + (L+ Cyt -+ Cyi?)
or, R =R = 1+C(L+1)+Cy(2t+12)

So, the idea is to determine C; and C, such that the
Residual » —, 0.




171
METHOD OF WEIGHTED RESIDUALS

Four approaches:

(1) Point collocation Set residuals at selected points
to be zero.

(2) Subdomain collocation  Set areas under the
residual curve to be zero.

(3) Galerkin Include weighting functions. Widely
used in FE method.

(4) Least squares Square the residual with mini-
mization process.
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POINT COLLOCATION

Set the residuals at selected points to be zero, i.e.,
R(E) =0 1=1,2,....., no. of unknowns
Since there are two unknowns of C, and C,, thus we need 2

-0 oy =0 and R(t,) = 0
where t, and t, should be in the range of consider 0 to 1.

E.g., select, .
(1J (lJ
; — |+ =
B 3 3
. . . 9
2 2 2 2 2\
[')::, F{ - = 1+‘C| :..-'r_ "F'C,) 2 - 'i' -
Z ) ) - ) = 2 2
9 9 . ] 9 9

Solvetoget, C, =-0.9310 and C, = 0.3103
Then, x(t) = 1-0.9310t+ 0.3103 t

0

I
L=
A
N\
| 1=
N
1]

l_‘

_i.

(@)
=
/ l S N\
_i.
| 1=
N
_i.

(@)

nN
N

0
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SUBDOMAIN COLLOCATION

Set areas under the residual curve to be zero.
Since there are 2 unknowns, thus we need 2 egs., e.g.

b L oy o —
J‘Ol R(Hdi = 0 and Jr] R(Edi = 0

1
If we select i, = = then,
=2
12 o TS 7
= . =z =ZC, C =
RO e SC e Gy = 0
1 N el L7 25
r . = - . N — (“ -
N, RO AR 0

Solvetoget, C, =-0.9474 and C, = 0.3158
Then, the approximate solution is,
X(t) = 1-0.9474t+0.3158 t°
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GALERKIN APPROACH

Multiply the residual by some weighting
functions, perform integration over the entire domain,
and set to be zero.

[Ol RO W(di = 0 i=1.2, ..., No.of unknowns
where Wi (i) is the weighting functions which are

normally selected as the terms that weight with the
unknowns, 1.e.,

(N = 1w b o §2
() = 1+ Ct o+ Cyt”
\j\jl \j\j2

here, we use W=t and W, = t2  then substitute into

the above eq. to get,
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GALERKIN APPROACH

1 1 5 1

[ ROt =0; =+ 2C +=C, = 0
20 (1) 2 5 L 1972

il N 2D 1 7 !
[ROdi=0; =+ --C +-—-C, = 0
b RO g 19 L g 72

Solvetoget, C, = -O. 9143 and c' = 0.2857
Thus, the approxmate solution is,
X(@t) =1- 0.9143 t + 0.2857 t
Note: We will use this approach to derive FE egs.
later. Since distribution of element variable is,
b = NI g + N) )
LW,
Here, the nodal unknowns ¢, and ¢, are similar to C,
and C,. The element interpolation functions N, and
N, will be selected as the weighting functions.
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LEAST SQUARES APPROACH

Square the residual, perform integration over
entire domain, and minimize with respect to the
unknowns, i.e.,

0 [1 R2(di = 0 i=1.2, .., No. of unknowns
o
Slnce there are 2 unknowns, thus we have 2 egs.,
1 2 (¢
9 [‘ R2(5)dt = 0; i'i'ic‘l "ric') =0
oC, 2 37 4
I ¢ 38
Ot pzgd=0; f49c 4B, = o
6c, 3 4 - 15 7

Solve to get, C = -0.9427 and C, = 0.3110

Then, the apprOX|mate solution is,
x(t) = 1-0.9427 t +0.3110 t°
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METHOD OF WEIGHTED RESIDUALS

In conclusion, these four approaches can be
written in the form,

[ ROW @O = 0
where W; are the weighting functions that can be

described as follows,

Wy W,
“Point 1 1
collocation”
1 . t | . t
0 1/3 1 0 213 1

17
METHOD OF WEIGHTED RESIDUALS

W W,
“Subdomain 1 1t —
collocation” t t
0 12 1 0 172 1
W W,
1+ 1+
“Galerkin” t -
0 1 o 1t
Wl 2
2(1+t) 202t+t%)

“Least squares”
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GENERAL PROCEDURE OF MWR

Step 1: Discretize the given domain into a number of

elements,
- Element
Z< domain, Q,
Element

boundary, T

Then identify the governing differential eq(s) of the
problem, L(p) = O

where L denotes the differential operator and ¢ is the
exact solution.
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GENERAL PROCEDURE OF MWR

Step 2: Assume element approximate solution in the

form, . m . n

b = o04y) = 7 Nidy = [N] {0

i=1 (Ixm)(1xm)

where ¢ = d(X,y) element approximate solution

N; = N;(x,y) = element interpolation functions
= element nodal unknowns

number of element nodes

Step 3: Apply the method of weighted residuals for a
typical element. If we substitute the
approximate solution, ¢(X,y), into the governing
diff. eq.,

L(¢) =0 ingeneral, but L(¢)=Error=R

P;
m
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GENERAL PROCEDURE OF MWR

Here R is called the Residual, i.e., ;
m
Ro= L) = LN = '-(_Z Nidn]

i=1
Then apply the method of weighted residuals (Gakerkin
approach):

Multiply the Residual R by some weighting
functions, perform integration over element domain,
and set to be zero.

[wiRdn = 0 i=1,2,..,m
o®)
Note: If W, = N, [ called “Bubnov-Galerkin” approach

W, N, D called “Petrov-Galerkin” approach

182
GENERAL PROCEDURE OF MWR

Step 4: Perform integration by parts (or use Gauss’s
theorem).

{1
JW,RdQ = [ w '—(_Z N, d,)iJcIQ
o®) o®) =

= | (V\/i,l\Ji,sLi)r.IQ + j (W, N, ¢ )dl = 0

Q(’d) [.(e)
Associated yith Associated yith

elernent dornain, 0®  element boundary, r®
Step 5: Apply boundary conditions on the element

boundary integral term j as needed.
(2)
I
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GENERAL PROCEDURE OF MWR

Step 6: Write the element egs. in matrix form,

k] b=t
(mxm) (mx1) (mx1)
where [©] = Element stiffness matrix
{4 = Vector of element nodal unknowns
{[F} = Vector of element nodal loads

Then assemble all element egs., apply all BC’s on the
system egs., and solve for nodal unknowns.
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METHOD OF WEIGHTED RESIDUALS

Objective: Derive finite element equations from
governing differential equation.
Simplest example is 1-D Poisson’s eq.:
2
d—';' = T(x)
Ve
where u = u(x). Such differential eq. may represent the
problems of,
- Bar with its own weight
- 1-D viscous flow
- 1-D heat conduction with internal heat

generation
etc.
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CONDUCTION WITH HEAT
GENERATION

T(X) Differential equation:

Exact T(x) N ZT
KA— = -0A
Heat gen.,Q ”
T(x=0) E ‘ T(x=0)

— a where k is thermal con-

Conduction .. .
- X ‘ ductivity and A is cross-
sectional area.

0

Boundary conditions: T(x=0)=T, and T(x=/)=T,

186
DISCRETIZATION & INTERPOLATION FUNC.

T(x) Approx., T(x)

Exact, T(x) TISX) o .
‘ /\N|Ode Tl /
0 4 v 9 l¢ 32
= X —= X
— Pk
Assume linear element temperature distribution,
T(x) = ax+b
At x=0; T(x=0) =T, = b
At x=1L; Tx=L) = T, = aL+b

Then a = T-h and b =T,
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ELEMENT INTERPOATION FUNCTIONS

Then T(x) = (I-_J T, 4 (Ii]r,

which can be written in the form,

TC) = Ny T +N, T, = [N I\J,Jf Ll = [N {T}
S ) ] )f (1x2) (2x1)

where the element interpolation functions,

Ny () =1- % X

L Ny = 1-7

3 1
_ X
e N, =
X)=

277 L with propertles of,

E 2| _ f1 atnode]
L i ~ |0 atother node
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METHOD OF WEIGHTED RESIDUALS

If we can solve for exact solution, T, and
substitute into the differential eq., then RHS will be
identically zero, i.e.,

2—
1T ion =0

Ve
However, in general, we don’t know exact solution.
Thus, if we substitute the approximate solution, T, RHS

will not be zero, but will be equal to a Residual, R:
2.
1T 0a = R
<
The idea is thus to minimize R so that error is minimum.

KA

KA
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METHOD OF WEIGHTED RESIDUALS

The method of weighted residuals is to multiply R
by some weighting functions W perform integration
over element domain, and set to zero, i.e.:

_[0" M, Rde = 0
Since the element has two unknowns, thus we need 2
egs., i.e., i =1, 2. Substitute the residual to get,

2.
.ﬁ‘M{kAd £+QA]¢< = 0
Expand, clix
2.
‘[OL W, A r': I_)_ i -+ ‘[O'- WL QA = 0 i=12
o«
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METHOD OF WEIGHTED RESIDUALS

Apply integration by parts to the first integral term in
order to produce the boundary term, i.e.,

n d*T dT T eV

|
L .
kAT I

We KA=——dix = W KA
0 _l,IL e ! dily 9 el dx
) dv | L
by using the formula, [Cudy = uy| - vdy
g 0 0
[\
where U= W, then u = VY, ¢
, clx
and dy = kAl ,I)—clx then v = kA cIII’
clx

Ve
Then, the element egs. becomes,
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METHOD OF WEIGHTED RESIDUALS

W ol
- k/-\Mdrdx = W a4l

|
+ [0 WO A dx
-0 di i dx 00 T

_ T dr _ [ dNy dNy | [Ty
Recall =N, sz‘{-rj then dx _d_xl d_:Hrzf

Substitute and write out for i = 1, 2 to get 2 equations as,

dN,|ijﬂ do= o dT
L i dx \ )f Y iy

Lk\mN)dN.dNJIQ]A_ -
0 dx I_ dx dx ] f

L d\W,
1 [ kAL
-0 dx

L A ol
TvaQA¢<

N>
<

L
+LV%QA¢<
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METHOD OF WEIGHTED RESIDUALS

For standard FE., we select W= N, which is
known as Bubnov-Galerkin approach, we will get
element equations in the form,

o
el del

dnN,

L dx

[No|, ,oar )
(l N,f A tx
0

AN, (“\]’Jrlcﬁl
L i | ]
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METHOD OF WEIGHTED RESIDUALS

Or inshort:  [1 |{T} = {Q.}+ 10,

Element conduction matrix

where 1]

T} = Vector of element nodal temperatures
{0} = Vector of element nodal heat fluxes
{QQ } = Vector of element nodal heat generations

194

METHOD OF WEIGHTED RESIDUALS
m

Conduction matri v | o= o) di [fAN ANy

ucti ix 1] [0 <A %J_dx 1 i
\ Ldx )
Since N, = 1|_< and N, = I_<
then 9N _ 1 and diy, _ 1
de L - de L

0 S

1 -
T J,—‘ 11, oLoxall -1

If thermal conductivity k &

then . a1l -1
e = ﬁr ( | J
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ELEMENT LOAD VECTORS

Load vector due to internal heat qeneration
e

(JQ/—\dx = Q,'_\LJ

JI’J

. d;
(N,k JJ
1< 0

*\\
h [N J

I
Load vector due to nodal heat fluxes ~
R . |
N -
0.} = ~J|Jl]~',<,'-\—r'|r J
‘ 1 J i

[ My (L) kA 3T - 0) '<r\ (0) ]
et oo
But N,(0) = 1, Ny(L) = O, |\12(0) -, |\12(|_) = 1, thus

" -
{(JQI - [ fr) I-\ d/( - ‘l‘(;_ ‘

N [I=Ie 1=

0
L

0

196
ELEMENT LOAD VECTORS
T(x)
-
/‘ 2 {' i€ I-\ -
Tl {) } = < | I_
KA 3_"’(0) A (R kAdd_T(L) A 'l { )J
X 1o x 2 X clx
Conclusion of element equations:
velmh = Q) + )OO}
dT 1
r(r\lrl _JJ l {‘rﬁr\ L OA E‘
L |- f ,II' J R ‘LJ
KA ) —
L dx 2
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METHOD OF WEIGHTED RESIDUALS

Example A rod divided into 2 elements with specified
temp. at both ends as shown is subjected to internal heat
generation Q. Compute the temperature at node (2.

VI Y WV
e

Typical element egs., e.g., ff)r element no. (D: |

ot [0 g oo, L

R ”'J L)

198
ASSEMBLING OF ELEMENT EQUATIONS

02, iz,
R N
/

\
1@2@

D]

o —fl
(- kAdl(O)J | {

H - (e ), (- A0 rron

) | (“’\a('-)k

N 1=

[N ||—

|\3||—
- -

N 1=




SYSTEM OF EQUATIONS

Heat fluxes at node 2 must be continuous, and apply

BC’s: _ | ( ,Ir 1
ol 0[1'1:0 (:<,- 5
Al g aldT, =l = o L+ ALY T
L N T i 1

Then use second eq. to solve for temperature at node 2,

Iy 2

“A0+2T,-T,) = 0+ OAL

a 1= T
'I'r) - 2— L /Z

Note: Identical procedure can be used for more elements.

2K
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2

USE OF SOLUTION SYMMETRY

If T, =0, then the temperature at node 2 becomes,

T(x)
A —
Q_L2 I Exact, T(x)
2k
//\_ F E \\\\
/// @ \
l¢ 43

Note that

distribution in this case is,

T () =

which is symmetry.

200

the exact temperature

2

ok
2K

25
L
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USE OF SOLUTION SYMMETRY
Due to symmetry of solution, only half of the rod
can be used in modeling. Here, if use 1 element,
" _.' -r },,_dTr ‘ é
kl/-\|rl' 'lJJ_rll, - J( <A (J))l + Q/—\LJr.%l'
) \(m\- w3

and apply the condition of no heat flow across node 2,

€. (,<r\' )J = 0

Then the element eqs. become,

k/—\ﬁ -ﬂj'ff‘fl _ e Ag (0))\j O,\.[

| =2~ ] %

|

,_
N =N 1=
%

USE OF SOLUTION SYMMETRY
Then use the second eq. to solve for T,

;<,—\ QAL
( r = ( r
SO = 0

2 = :zk

Remark: For practical problems in 3-D, always take
advantage of solution symmetry in order to
reduce total number of elements and

unknowns.
Problem Reduction factor
1-D 2
2-D 4

3-D 8
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ROD WITH SURFACE CONVECTION

If the rod has additional surface convection,

Ll B
S N

The corresponding differential equation is,

2.
AL hpreT,) v 0a = 0
h = convection coefficient
p = perimeter
r = surrounding medium temperature

204
ROD WITH SURFACE CONVECTION
Apply MWR,
.fol‘ WiRde = 0 i=1,2
2.
I W Adl—,_)r Chp(T-T,) + QA)dx = 0
ax

2
L AT e o - :
Wik AZ—Zdic+ [0 W Q Adi

™

N AV
- L WihpTde+ [T WihpT, dx 0

with Wi = N, and T = DI the last two integral
terms become,
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ROD WITH SURFACE CONVECTION

' |
I WihpTde = [ hp{NFINdefT)
= |_"/‘hJ {I_}

| | .
- ! < \ — - 9 f | \
L WihpT,do = [7hpT, (Njds

Convection matrix

>
@D
=
(9>)
=
\
Ay —
1

Convection load vector

206

ROD WITH SURFACE CONVECTION
The finite element egs. are in the form,
|_}/‘CJ {T}"r |_"/-'r|J {I'} = {Qc}'i' i‘QQ}'i' {Qh}

or, in detail, . -

l F‘

(| L ()2 - - 21
~ T rQ/-\|_~l rflpl_rw~l
KA (L) = =
clx 12 2

which can be used in many applications, such as heat
transfer in motor fins, etc.
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TWO-DIMENSIONAL HEAT TRANSFER

Plate with Internal Heat Generation

Governing differential equation:

0 (ka-r) -i-i(kﬁ-r =-0
ox\ox) oyl oy h

N
N

Boundary conditions:

(1) Specified temperature along edge S;:

TOGy) = TiGy)

208
TWO-DIMENSIONAL HEAT TRANSFER

(2) Specified surface heating along edge S,. From
Fourier’s law, o -
( = —k?rnx - k?—rny
q OX oy
where n, and n, are direction
f/ f cosines of unit vector # normal
— X

%7 to the edge. For a specified
Og heating ¢ into edge, then
?F n, -+ k?—rny
_ _ ox oy
This means, for insulated edge,
kﬂrI( + kdrn\ = 0
ox oy 7

— — |
, = -¢ = K
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TRIANGULAR ELEMENT

Element Interpolation Functions

Tae (X3Y)) Assume a flat temperature
distribution over the element:
y T T TCGY) = oy tay Lragy
(X2¥)  where o;, i =1, 2, 3, are constants
(Xl’yl) to be determined from conditions
X at nodes,
Atnode 1 T(eq,y) = T, = o + ay iy F ag Yy
Atnode 2:  T(x,,y,) = T, = oy + ayty + Uy Y,

At node 3: 'r(;(g’y,g,) = Ty = oy + ty iy T Uy Y
Solve for o, 1=1, 2, 3, and rearrange terms to get,

(&S
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TRIANGULAR ELEMENT

-I_l‘l
TC4y) = INGGGY) NyGy) Ng(Gay) ATy = [N TS
Ty (1x3)(3x1)
where /T4 is the vector of nodal temperatures and| N |is

the element interpolation matrix defined by,

‘I y ;] -
N;(y) = Py (a; + b+ CY) 1=1,2,3
r
Here A = Area of triangle
1
= Sl ys- v+ aa(ys - ve) + x5(ys - Vo)
and a) = doys-igyy Dy = YooVs o € = g-iy
Ay = Kg¥i =Yy Dy = Ya-Yi  Cy = Xy-Xqy
Qg = XYy -KoYr Dy = Vi-Yy Cqg = Xy-K
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TRIANGULAR ELEMENT INTERPOLATIONS

Ny (4, ) Tow)
X,y

y T(x y)

N, (%, y) 1@

I\.I') %Y
Y ;g@l -

1 2
X 37y TO6y)= N, + NyT, + Ny T,

212

DERIVATION OF ELEMENT EQUATIONS
If Tis the exact temperature solution of the plate,

T 2T 24T = g
ox\_ ox) oy\ oy

Since we use approximate T, then RHS of the above
equation is not zero, but is equal to a Residual R, i.e.

a( orJ, 3(ka'r +0 = R
ox\ ax) ay\ oy)

Apply MWR: Jw,rdo =0
ne
where ,® is the element volume. Substitute,

jvvi(J(k”)--r j(kdr +Qldo = 0
S \ox\ o) oyl oY)
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DERIVATION OF ELEMENT EQUATIONS

Expand,

jvv(j( er, d( T gcre [wp0dn = 0
o© ox\ ox) oy\ oy ) i

As in 1-D, we apply integration by parts to the first term,
Here is to use Gauss’s theorem,

Ju-vyde = Ju(v/-f)dr - [ (Vu-V)do

o® r® o®
Let u = Wi
v= 27+ 2]

OX r&yJ »(V~\7)
\/ kar?-'rkfrjj

9, 9 oT
= (8}< d/() J/( 0/)J
OX 0)
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DERIVATION OF ELEMENT EQUATIONS

Then the terms on RHS of Gauss’s theorem which states

as, - - . =
Ju@-v)de = [u(/-n)dr - [ (Vu-V)dQ

o® ® @
using n=n, 1 rn/J,afei
Vi = kdl'n( +19y
o o jr o T
u(v-n) = W, (,< ny+k2=—n,)
oy
W s O
vy = OWY; _J//
ox oy
Ty = oWY; 0T | d\/\/ 0T

ox ox ay oy
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DERIVATION OF ELEMENT EQUATIONS

Thus the element equations with V\/I = N. are,

J N, ( ar, <j—rn fr- J (%kﬂ-'r%kﬂ de
&) c y o ok oy oy

J,< ’ oy 3)
I Qe
+ [N Qdo = 0 i=1,2,3
o®

Imposingﬂthe boundary conditions along edges, the element
equations can be written in matrix form (total of 3 egs.) as,

([JN], ot Jonl, o),
¢

|;a..-
O,J X lﬁyf 5y]

= | ‘N'(' o, n, - .<j—rn/]rlf‘+ [ NjQde+ | {Njgdr
) ox oy o a
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DERIVATION OF ELEMENT EQUATIONS

Since we assume element temperature distribution,
T = T(y) = [N]({T}

(1x3) (3x1)
ar _ "_J Ty
OX L 0 ] (3x1)
(1x3)
and or _ |oN| [T}
oy oy | (341)
(1x3)

Substitute to get the final form of element equations,
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DERIVATION OF ELEMENT EQUATIONS

[ o, dNJ_,r Jonl, | an -
[ | oS Lox IO/f oy |4 L)
Bl (Bx1) (1x3)  (3x1) (1x3) (3x1)
[, ]
(343) \
j l)( mjrn\ dr+ | {I\J'OLIQ-'rj N} g dr
r" X \ j/( '« oy J O(e)(3X1{ ) (3 1{
Q) G Q)
(3x1) (3x1) (3x1)
Or, in short (details given in text):
|_}/‘CJ{T} = {Qc}"r {C.Q}"r :;r-q}
218

FINITE ELEMENT MATRICES

Element matrices for triangle can be derived in
closed-form. Since

\ . = -r / - i = 1, 2, 3
| JI )/-\ ( 1. o L /)

then oy _ b and oM _ G
ox 2A ay 2A

Conduction matrix Coefficients in the matrix are,
N ONG AN ON .
1y = k(d}J' (, x dl]' (,_ Hidedy  1,j=1,2,3
A Lo de oy oy
For constant thermal conductivity k and thickness t, then

(b b
R P Ci dit dy
Alzazaon o
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FINITE ELEMENT MATRICES

v o Kb D
OI‘, "ij — 4/_\ (‘OI Oj T ('i LJ) |1J 1: 21 3
e . . | :O :O, b(n_
i, = kAt [B] [B] Where [g]= > (‘l : J
(3x3) (3x2) (2x3) 2R[C Gy Gy
Load vector due to heat generation Coefficients
are, :
O = [ N;Qidedy 1=1,2,3
A
For constant Q and t over element, integrate to get,
0 = Q:':\t
D
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FINITE ELEMENT MATRICES

1
Or, in matrix form: {QQ} _ Q% EJ'L

Load vector due to edge heating

1
‘ (. 024, [_l
{Qq} = J {N}Clg dr E.g., {Qq} _ s ; 12 ll
32 -

having nodes 1 and 2 on the edge. ) [

(&

Load vector for conduction

Q.} = j{l\l}(k?rnx + k({—rny dr
- @ _OX oy
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TWO-DIMENSIONAL HEAT TRANSFER

Example Determine temperature distribution in a

y triangular plate  with
Q internal heat generation
/7 -T=0along  uysing 3 finite elements.
1 all 3 edges
l Note: This example has
L 2 i X exact temperature
3 solution as,

0
Al

TOLY) = == (y-2+-/30)(y-/31)y

222
TWO-DIMENSIONAL HEAT TRANSFER

we first discretize model into 3 elements. Here we have
3 only one unknown at node 4
where as temperatures are zero
at nodes 1, 2, and 3.

Typical element egs. are:

[T = 10§+ 100 f

1.1 T_5n e.g., for element no. 1
|<'_ _'>|<'_/§_>| ! '
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TWO-DIMENSIONAL HEAT TRANSFER

Computation of element matrices:
y y

counterclockwise
4 <,_3\

1
—= X L — X
1k 2 2 1 2 2
Actual node numbers Node numbers in derivation

| Wl

b = 1

Here sy =0 e
. NE

‘, = 2 0 b, = = s 1

“2 T Yo = 2= o Cr = -—F%=
T 373

4 = = ) =1 = ( C., = ?
S A TR .

S 9
with the element area A =1/3./3.
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TWO-DIMENSIONAL HEAT TRANSFER

With these coefficients b, and ¢., 1 =1, 2, 3, element
matrices can be determined. For example the coefficient
i ., 1IN the conduction matrix is,

I;93
.
'
V4 — l{- (l y PN .
gy = 0y by -+ ¢y Cg)
I i 1 1 Y, 3
HE 1 \ 1 Z . 9
= —((— (O)'r(‘—, (— = ki -7
/ l \\3 \ \J \'\3 N Z\J
o )0
RSV

Thus, element equations for element no. (D) are,
2 1 -7 [ T, l [ Q. ),,l H
M - N 0O
112 31Ty = Qe 2l
3 -3 6 (T J l(qu)J e \1[

(U
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TWO-DIMENSIONAL HEAT TRANSFER

Similary, element egs. for element no. 2) are
A J[r,‘ [(Q%)g (_H
R L R (AR
\TJ (Qc,)2 B
and for element no. (3 are,

1200 2 EL fe], o
R AR (A
R CE T \TJ ‘(O) B

Then assemble element equations. from these 3 elements
to get,

) P
-9 9
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TWO-DIMENSIONAL HEAT TRANSFER

242 1 1 11 2337 (T,
—————————————————————— jm—————— -
ve| 11 2e2 0 10 33 ||T,
ey~ R R Y R B
2/3) 1 v 1 242 10 2323 | |T,
______ LA H e S
-3-3 1 -3-3 | -3-3 | 6+6+6] |T,
Q¢ i+ ) 1+1
_ (O )I i‘(ch)) OI’ __l_r_l__
(Qc, )2 +(Qe,) 93| 141
N N [P,
(Qcil )1 -+ (chl )2 -+ (chl )3 \1 +1-+1
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TWO-DIMENSIONAL HEAT TRANSFER

Apply boundary conditions of T,=T,=T

2
)

= (, the system

egs. become, -, , 510 Q, 9
ki1 4 1 -6|]0| _ Q. Qt]2]
231 1 4 -&f|0 “]Q3 "9./3 2
-6 -6 -6 18](T, L0 13
Then use the last equation to solve for temperature at node 4,
g - ot .
0+0+0-+187T,) = 0+—==(3
275" ! 93"
; 10
[, = —=
] 27T K
and then can use the first 3 equations to solve for heat fluxes
at nodes, ski. 20t _ Ot
Q'I = Q,) = Q_; = = a - < = -
g ° 237 93 33
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COMPUTER PROGRAMMING

e Same procedure described in example can be used in
the development of finite element computer program
directly.

e Listing of sample finite element program provided in
following pages (as short as only 6 A-4 pages).

e Program is applicable to arbitrary geometry.
e Program can be modified to solve other problems.

e By understanding this short program -- won’t be
afraid of “black box anymore.
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COMPUTER PROGRAMMING FLOW-CHART

Note: Names in

Start

!
Read input data [MAIN]

1]

Compute element matrices [TRI]
and assemble for system of eqs. [ASSMBLE]

!
Apply boundary conditions [APPLYBC]

1]

Solve the set of simultaneous eqgs. [GAUSS]

1!
Print out results in files

subroutine
illustrated.

the square brackets [
names in the finite element program

] represent the

FINITE ELEMENT PROGRAM LISTING 2%

Example i

FORTRAN

o 00n00000000OOOO0OD

ooo

ocoo

20

100

PROGRAM  FI NI TE

A FINTE ELEMENT COMPUTER PROGRAM FOR SCLVI NG PARTI AL
DI FFERENTI AL EQUATI ON | N THE FORM OF PO SSCN S EQUATI ON
FOR TVO DI MENS| ONAL STEADY- STATE HEAT GONDUCTI ON W TH
I NTERNAL HEAT GENERATI QN
DR PRAVDTE DECHAUMPHA!
FACLLTY OF ENGI NEERI NG
CHULALONGKORN UNI VERS| TY

THE VALUES DECLARED | N THE PARAVETER STATEMENT BELOW SHOULD

BE ADJUSTED ACCORDI NG TO THE SI ZE OF THE PROBLENS AND TYPES
MXPOI = MAXI MUM NUVBER GF NCDES | N THE MODEL
MKELE = MAXI MM NUVBER OF ELENENTS | N THE MODEL

PARAVETER (MKPOI =150, MCELE=300)

IMPLICIT REAL*8 (A-H 0-2)

DIMENSI ON - COCRX MO, 2), TENP(MKPOI ), TEXT(20)

DIMENSI ON SYSK(MXPOI, MPQI ), SYSQUMKPQ ), QELE( MGELE)
NAVEL, NAME2

INTEGER | NTNAT(MXELE, 3), | BO{MKPOI )

WRI TE(6, 20)

FORVAT(/, ' PLEASE ENTER THE | NPUT FI LE NAVE ')

READ(S, ' (A)', ERRE10) NAMEL

OPEN(UNI T=7, FILE=NAVEL, STATUS=' OLD', ERR=10)

READ TITLE OF COVPUTATI ON.

READ(7,%)  NLINES

00 100 |LINE=L, NLI NES
TEXT

FCRVAT( 20A4)

CONTI NE

READ | NPUT DATA

REAX(7,1)  TEXT
READ(7,*) NPOIN. NELEM
|F(NPO N GT. MPOL) - VRITE(6, 110)  NPOIN

FORVAT(/ " PLEASE | NCREASE THE PARAVETER MKPOI TO ', 15)
1 F(NPQ N GT. WP )
1 F(NELEM GT. WKELE)

WRI TE(6,120) NELEM
E T

FORVAT(/ " PLEASE HE PARMETER MELE TO*, 15)
| F(NELEM GT. WKELE)  STCP
READ(7,1)  TEXT
READ(7,*) TK, THICK
READ(7,1)  TEXT
00 130 1P=1,
7,%) 1. 1BC(I), (CORD(1.K), K=1,2), TENP(I)
IF(I.NE.IP) VRITE(6,135) [P
FORWAT(/ NO“, 15, * IN DATA FILE IS M SSING )
IF(I.NE.IP)  STCP
CONTI NE
19=0
READ(7,1)  TEXT
0O 140 | E=1, NELEM

o

o000

170 FORVAT(
c

READ(7,%) 1, (INTWAT(I,J), 3=1,3), QELE(1)
IF(.\E1E) VRITE(6,150) IE

150 FORWAT(/, " ELEMENT MO, 15, * IN DATA FILE I'S M SSING )
IF(1.NETE) STOP
IF(QELE(1).NEO.) 1Q=1

140 CONTI NUE

VR TE( 6, 160)
160 FORWAT(/,' THE F.E MCDEL | NCLUDES THE FOLLOWNG ,
N " HEAT TRANSFER NODE(S) ',
. e T_COWDUCTI ON )
IFIQEQ L) VRITE(6, 170)
T - INTERNAL HEAT GENERATION )

NEQ =
DO 180
svsq(l) =0
180 CONTI NUE
DO 190 1=1, NEQ
D0 190 J=1, NEQ
SYSK(1,3)
190 CONTI
VR TE(6,200) NPOIN NELEM
200 FORVAT(/," *** THE FIN TE ELEVENT MODEL CONSISTS GF , 15,
. * NeoES 15, ey
ESTABLI SH ALL ELEVENT MATRI CES AND ASSEMBLE THEM TO FORM
FORM LP SYSTEM EQUATI ONS
R TE( 6, 210)
210 FORWAT(/," *** ESTABLI SH NG ELEMENT MATRI CES AND ,
. " ASSEMBLI NG ELENENT EQUATI ONS *** )
CALL TRI(NELEM |NTMAT, COORD, ~ TK, QELE. THICK
. SYSK,  SYSQ MXPOI, MKELE )
R TE( 6, 220)
220 FORWAT(/," *** APPLYI NG BOUNDARY CONDI TI ONS OF NCDAL',
. * TEMERATURES ***'
CALL APPLYBO(NPOIN, IBC, TEMP, SYSK, SYSQ MPQ)
R TE( 6, 230)
230 FORWAT(/

*++ SOLVING A SET OF SIMULTANEQUS EQUATI ONS ,

FOR TENPERATLRE SCLUTI QNS ***" )
VRS TE( 6, 240)

240 FORWAT(5X,* ( TOTAL GF', 15," EQUATI ONS TO BE SCLVED )')
CALL GAUSS(NEQ SYSK SYSQ TENP, MPQ)

PRINT CUT NCDAL TENPERATURE SOLUTI ONS:

250 WRI TE(6, 260)
260 FORVAT(/, * PLEASE ENTER FI LE NAVE FOR TENPERATURE
. LTI QNS )
READ(S, " (A)", ERR=250) NAME2
CPEN(UNI T=8, FILESNAVE2, STATUS=' NEW, ERR=250)
WRI TE( 8, 270)
270 FORVAT('  NCDAL TENPERATLRE SOLUTIONS [*, 15,
. /1, 2X ' NGDE, 3X, ' TENPERATURE | /

00280 1P=1,NPOIN
VR TE(8, 200) 1P, TENP(IP)
290 FORUAT(1 6, E14.6)
d

280 CONTI NUE.
c

st
S




FINITE ELEMENT PROGRAM LISTING

SUBROUTI NE APPLYBO(NPOIN, 1 BC, TEMP, SYSK, SYSQ MPOI)

APPLY TENPERATURE, BOUNDARY CCND T NS W TH CONDI T1 QN CDES CF:
FREE TO CHANGE (TO BE COVPUTED)
FI XED AS SPECI FI ED

:

eooo00

LT REALS (A1 OZ)
YSK(MKPOL, MKPQ1 ), SYSQUMKPOL ), TEMP(MKPQI )

INTEGER | BO(MPOI)

00 100 I EQ=L NPOIN
IF(IBQ(1EQ.EQ0) GO TO 100

200 IRe1, NPOLN
|:(mso|gq 0 10 200
sy SYSQUIR) - SYSK(I R EQ " TENR(1 EQ
svsKUR\EC)’

DO 300 1 C=1, NPOIN
SK(EQIO) = 0
0 NI

svsK( h=¥
Nea1£3' Srewlica

c
100 CONTI NUE

RETURN
e

SUBROUTI NE ASSMBLE(  IE. | NTMAT, AKC, QQ SYSK. SYSQ
. MPO MELL

c
C  ASSEMBLE ELEMENT EQUATICNS | NTO SYSTEM EQUATI ONS
c

WPLGT REALS (AH O
AK(3,3), QY(3)
DIVENSI N Sk hkir Tk ), v )

c
INTEGER | NTWAT( MKELE, 3)
c
NNGDE = 3
c
00 100 | R=1, NNCDE
poZ00 IC,
e
svskuacwwocu SYSK(1RON 1 C0L) + AK(IR 1G)
200 CONTI
SIS 1ROY = SYsQ(I ROy + G
100 CONTI NUE
c
RETURN
E\D
c
c-
c

SUBROUTI NE GAUSS(N. A B, X, MPQ)
INPLIGIT REAL*8 (AH O 2)
DINENSI O A(M®O!, MXPOL), B(MPO), X(MKPOI)

c
C  PERFORM SCALING
c

CALL SCALE(N, A B, M®Q)

c
C FORWARD ELIM NATI OV
c
C PERFORM ACCORDI NG TO CRDER CF ' PRIME FROM 1 TO N1
c
00100 1P=L N1
c
€ PERFCRM PARTI AL PIVOTI NG
c
CALL PIVOT(N. A B, MXPOI, 1P)
c
€ LooP OVER EACH EQUATI OV STARTING FROM THE ONE THAT CORRESPONDS
€ WTHTHE CROER GF ' PRINE
c
00 200 1E=IPHL N
RATIO = A(IE.IF)/ A(IP, 1 P)
c
C  CONPUTE NEW COEFFI G ENTS CF THE EQUATI ON CONSI DERED:
c
00300 IC-IPHLN
AEIQ = AIEIQ - RATIOA(IP1Q)
300 CONTI NE
EUE) E{IE; - RATIO'B(IP)
200 CONTI
c
€ SET COEFFICIENTS ON LOMER LEFT PCRTI ON TO ZERO.
c
0O 400 1E=IPHL N
AEIP) =0
400 CONTI NE
100 CONTI NUE
c
€ BAGK SLBSTITUTION
c
C  CONPUTE SCLUTI ON GF THE LAST EQUATI O
c
o XM =ENIANN
€ THEN COVPUTE SCLUTI ONS FROM EQUATI ON -1 TO 1
c

0500 IESN11,-1

00600 I CIEH, N
SUM = SUM + A(IE.10)*X(10)
600 CONTI NUE
K18 = (815 - SMIAIEND

i

SUBROUTI NE PIVOT(N, A B, MXPOL, 1P)
IMPLICIT REAL*8 (A'H O-2)
DINENSI ON - A(MKPOI , MKPOL ), B(MXPOL )

c
C PERFORM PARTI AL PIVOTI NG
c

3
BIG = ABS(A(IP.IP))
B0 2Pl
AVAX = ABS(A(I,|P))
(AR CLElG TN
AV

2
FINITE ELEMENT PROGRAM LISTING

IFAMX GT.BIG  THEN
B G

SUBROUTI NE SCALE(N, A B, MXPOI)
IMPLICIT REAL*8 (A H, O 7)
DINENSI ON - A(MKPOI , MKPOL ), B(MXPOL )
c
C PERFORM SCALING
0010 IE=1
BG

I
ABS((IE,10))
GLBG BIG= AWK

AUEIC) AUEICHEIG
CONTI NGE

Bl = miB/Ec
10 cavTi e

30

i

aoo

SUBROUTI NE TRI (NELEM | NTMAT, OOCRD,  TK, QELE. THCK,
- B SYSQ MKPOI, MKELE )

ESTABLI SH ALL ELENENT MATR CES AND ASSEMGLE THEM TO FoRw
UP SYSTEM EQUATI

oooo

IMPLICIT REAL*8 (A-H 02)
DINENSI ON - COCRO( M(PQ, 2), SYSK(MKPOL, M(PQL ), SYSQUMEPQL )
DI VENSI ON - GELE( WXELE)

DIMENSION AKQ(3,3), QQ(3), B(2,3), BT(3,2)

INTEGER | NTVAT( MXELE. 3)

LOOP OVER THE NUVBER CF ELENENTS:

NELEM

FIND ELEVENT LOCAL COCRDI NATES,

o000 o0oo o

11 = INTMAT(I E, 1)
33 = INTWAT(IE. 2)
KK = | NTVAT(I E. 3)

YG3 = COoRDI KK, 2)
AREA= 0.5 (X@*(YG3-YGI) + XGL*(Y&-YG) + X&" (Y6l Y&))
LFAEA LEO.) WITE(S,S) IE

5 FCRWT(/," 111 ELEVENT N0, 15,
. S NECATIVE GR ZERO NEA /!
. gy £ESK FLE MOCEL FOR NoaL coor eS|
. " AND ELEMENT NCDAL CONKECTI )
IF(AREA LE.O.)  STOP
B Ya
E2 = Yau
& Y@
a x@
@ x@
=3 XaL
c
0o 2
0o 3
B(1 0
10 CONTI NUE
c
811 = Bl
B(12) = B2
B(13) =83
821 =
B2.2) = @
B23) = G
c
0 20
00 30
B(1.J) = B(1, )/ (2. ARER)
BT(J.1) = B(1.J)
30 GONTI NE
20 CoNTI NE

1.2
AKO(1,3) + BT(1, K)*B(K. J)

AKQ(I, J) = TK* AREA* TH CK* AKC(1, )
100 CONTI NUE

€ ELEVENT LOAD VECTCR DUE TO | NTERNAL HEAT GENERATI QN
¢
FAC = QELE( )" AREA" TH G4/ 3.
00200 I=1,3
Qi) = FAC
200 CONTI NUE
c
C  ASSENBLE THESE ELEMENT MATRI CES TO FORM SYSTEM EQUATI ONS:
¢
CALL ASSVBLE( IE INTMAT, AKC QQ SYSK SYSQ
. MPOL, MKELE

c
500 CONTI NUE
c
RETURN
N




TYPICAL INPUT & OUTPUT DATA

Input data 2

TRI ANGULAR PLATE W TH | NTERNAL HEAT GENERATI ON.

CRUDE MESH W TH 4 NODES AND 3 ELEMENTS.
NPO N NELEM

4 3
TK  TH CK
1. .1
NODAL BOUNDARY CONDI TI ONS AND COORDI NATES [ 4] :
1 1 0. 00000 0. 00000 0.
2 1 1. 15470 0. 00000 0.
3 1 0. 57735 1. 00000 0.

4 0 0.57735 0. 33333 0.
ELEMENT NODAL CONNECTI ONS AND HEAT CEN. [3]:

1 1 2 4 1.

2 2 3 4 1.

3 3 1 4 1.

Output result NODE  TEMPERATURE
1 . 000000E+00
2 . 000000E+00
3 . 000000E+00
4 . 370370E-01
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RECTANGULAR ELEMENT

Example Two-dimensional steady-state heat conduction
in a rectangular plate with internal heat

generation. T(x.y)
/e
?
2b// A <
LB
4 2a t! Specified temperature

along 4 edges =0

Due to symmetry, only a quarter of the plate can be
modeled. Use one 4-node rectangular element to
compute temperature at the plate center (x=y=0).
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By using only one rectangular element for quarter
of the plate, some edge conditions must be provided,

T(x, y) y
aT/ox=0— Q
4
b -T=0
/ 1 2
_>X
ﬂT/ﬂy:O
a
Here T,=T,=T, =0
Want T, = ?

236
RECTANGULAR ELEMENT
Element interpolation function:
Y4 Assume element temperature,
T 4 3 TOGY) = oy eyl agy +ayy
b which is in form of bilinear
L distribution where o; , i = 1, 4
1 2
| 3 >|—'>X are constants that can be
determined from the conditions,
T(0,0) = T = o T O + 0 + O
T@0) = T, = o +aw@a+ g + 0
T(ab) = I'; = cc; + 0+ ayd + a,ab
TOb) = T, = ccl + 0 +abh+ 0
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Solve for a;,i=1,4 10 get T,-T,

s = I_I Cle =

b
T,-T LT+ Ty-T,

Cl- = (604 =
~2 4

Then, substitute back and rearrange terms to get element
temperature distribution in the form,

I
T o= ehe) fah o e {“

Ja o boaboab f_ ‘
Ny Ny Ny N, r;
= IN(/( y)] (T}
(1x4)  (4x1)

where NG, ) | Is the element interpolation function matrix.
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PLATE WITH INTERNAL HEAT GEN.

Since the corresponding FE egs. for this problem are,

e JfrJ> — 5() } + .QOI
where |_;{CJ IS the conductlon matrix,
J JEN

vl = [oN]] ¢
[ ‘CJ i)i( J/f

\LOAI_
ol 1.y, L.y, 1y 1)

1 - 1Y) Loy 1y 1)
L OX [ a 0 el 0 0 a2 0]
oN 1. < Lx L1 1. X

,, J = ".—(l‘,—) = == =(1-7)
| oY L O a oa ova o |
and dQQ =t dx dy. Perform integration with the limits
x=0—a and y=0— 0 t0obiain,

)NJ Jo

X oy

Here,




FINITE ELEMENT EQUATIONS

Conduction matrix,
b a 6\"0 a 6\ b A

1(a b
aln o
3\b a

o] = Kkt

1fa b
Syrn ’—(.— + —J
3\b a

1

i

1

Qo) = [eivan = Qabeld
o® 4

1

1
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FINITE ELEMENT EQUATIONS

and the conduction vector, Q..
!
i~ (o 0T AT ‘ e,
Q) = JIjkCon, v =n)dr = S0
T () d}( Oy TGy
J_— 9

n
Qe,

- ; C
o g Fag Py || T =7 2
Koy Kog Koy f@=0‘:~Q%‘+(ab
gy gy || T3=0 Doy |
aym an | T4 =0 0,
L \ e, |
Then use the first eq. to solve for T,,

-

— .
[ ||_‘ [ ||_‘ In ||_‘ I~ ||_‘

_——
.

—

—

_——

240
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PLATE WITH INTERNAL HEAT GEN.

CQapt
b

/

i’/.ll-rl o 0 T O'Ir O

kf(_r_) T, = 0, Qabt

3\b a 1 4
It can be shown that Q.=0 (no conduction across center
of the plate), thus the temperature at the plate center is,

= 30ab 1
o= 2

Lk (a. b

o)
Note that if Q = k = a = b =1, the exact solution is 0.295
where T, is 0.375. But if use 4 elements, T, becomes
0.315, i.e., solution is improved with more elements.

I
O

IN
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PLATE WITH EDGE HEAT TRANSFER
If the plate has specified heating and convection along

y edge 2-3. Since the load vector
/S due to edge heating is,
4 3
b/ ds qsh’ To {Qq} = [ {Njds
SA 2 e
q t' dy_>X along edge x = a, ds = tdy and
[INCc=4a,y)| = ‘ 0 1- % é OJ
Then, 0 - (
o 1-d
{Qq} = rog Us Yrdy = Qs DT ¢

!
c|\:||—‘|\:||—
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PLATE WITH EDGE HEAT TRANSFER

Similary, the convection matrix corresponding to
convection heat transfer along edge 2-3 can be derived,

[n) = [ n{NpIN]ds

«(®)
22
[0 (0000
1]
g 0370
- Joh‘ \'0“0 1-2 L gledy = hpi Y 1
J L b b s 11
: 6 3
0 1000 0
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PLATE WITH EDGE HEAT TRANSFER

with the convection load vector,

-
1.7

Onf = JhT {Njds = [hT,- yoftdy
:‘(e) g(e) 3
22 22 0
0

= hotT, 4:

Il
CNII=NI=CS




