FINITE ELEMENT METHOD

FOR HEAT TRANSFER
PROBLEMS

391

HEAT TRANSFER PROBLEM
Radiation
Sa é

Specified

_ temperature
] o
Y S5 ‘

Specified heating
Governing differential equation,

29 ? 2q0 ?
_")'qx + qy + Gz % — _ T
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HEAT TRANSFER PROBLEM

Heat flow rates can be written in terms of
temperature gradients by Fourier’ slaw, o575

X, ? XK Kk K., 2?77 ?
;qx? S 12 T13n 00X,
M2 = - Xy Ky kzs?,-)’__ f
H H k k 7.’) H
Mo ek %°2207

«" 2727

where 'k’ is the thermal conductivity matrix. As an
example, for isotropic materiad,

* 0 07
k? = 30 K 03
‘0 0 k£
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HEAT TRANSFER PROBLEM

Boundary Conditions

(1) Specified temperatureon S :
T, = T,%xyzt!
(2) Specified heatingon S, :
an, +a,n, *+qn, = -0qg
(3) Convection heat transfer on S, :

Oy Ny * qy ny Tq.n, = h':TS'T’?.:
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HEAT TRANSFER PROBLEM

Boundary Conditions (Cont.)

(4) Radiation heat transfer on S, :

B r 4 _41
a N, +a,n,+q,n, = ??0g-T,+70,

Initial Condition

T(X, y,z0)

Ty ¥,2)

396
FINITE ELEMENT EQUATIONS

Assume element temperature distribution,

T(X, y,z,t) = “NKX Y, 2)77T(@1)?
(2xr) (rx2)
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FINITE ELEMENT EQUATIONS
Then the temperature gradients are,

ot PN, N, N2

2o ? 72X X '?x

29T ? 2N, N, N ?

—o = 22— —= [[ r’)')T(t)'7

5?5 27y 2y %y 2 ? (xQ)

57T 45 PN, N, N 2

?2?%27? 39 2 b

(31) DDZDDHﬁDDDDDﬁ'
B, y,2)?

(3xr)
where ‘B(x, y, z)" is the temperature gradient inter-
polation matrix.

398
FINITE ELEMENT EQUATIONS

Apply the Method of Weighted Resduals
(MWR) with Bubnov-Galerkin technique,

2, %y 7 T3
?)')f)xx + ,);/ + ?Zz 'Q+?072\|id? =0
e !

22

? 2
5ok + jyy ' q”“ d? - PQN, d?
L@ ,©
+ 22cIINd? = 0
?t

o (©
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FINITE ELEMENT EQUATIONS

Perform integration by parts using Gauss s theorem
to get,

2N 7
DN - o N M N2z
! g.n jucs T s '/f)x 27 ')?qy? !
& L

- 2QN. d? + ??C%Ni 2 = 0

NC) - (8

Then use the Fourier’ slaw to yield,

FINITE ELEMENT EQUATIONS
2GRN d? 2 2B K¥BWd? 7T?- PQIN??

,© NG ,©
+ 22¢?N?N2d? 203 = 0
('e) ?27?
?

Finaly, apply the boundary conditions on the
boundary integral term leading to the finite element
egs. inthe form,

T+ YK e K, T K P
= 1Q 7+ 1Qq 1+ 1Q, 4 1Q, 1+ 1Q,
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FINITE ELEMENT MATRICES

T+ VK i+ K, K T
= Q1+ QI+ 1Qy 1+ Q1+ Q.

where ‘Ct = 5 2c?N?N2d?

(8

r [ rprer

K.t = 2B k:B:d?
> (®

K. T = 7 hIN?Nod?
S

r r 3 3

K.t = 22T°2N?Nod?
S
4

402
FINITE ELEMENT MATRICES
Q.7 = -7 ‘QRAYIN?d?

S1
/ / = r O7N?

Q! = % QN2
T ,(©
Q! = 7a,MN?d?

S2
Q.7 = 4 hT,N?d?

SS
Q7 = 9r?T)272q, N2

. .

4
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ONE-DIMENSIONAL ELEMENT

ds h(T-T,) 2(T* T’))

?5 R :

}2
L_> k
X A
]
2,02
Hee T(x yit) = 29(M)? = A-X X751,
Gy = AW2AO? = T To%r (93
(1x2)  (2x1)
2T 72N, ?N,?2 21 19’) (t)’)
Then == = mH? = = =
RS 1 A R £ A0
(x2) BX): (1)
e
404
ONE-DIMENSIONAL ELEMENT
n _ 2CAL 2 17 % 7 - QAL 212
© 6 7 27 Q" = =3 213
® = kA2l -I? % 7 - GP-oi
e L 71 17 Qb = =542
« 7 - hL?2 12 hT, pL 71
“ht T Te w27 Q.7 = 2 43
? —(O)?
7 7 = 790_49'7 ,pL'>1'> 07?7 = 37 2
'QI" ...T? ! qr 5 717 QC ;kAE(L)E

210713 2 2 3 3 2 2 3')
i = 7L 290 76T, 23T, 2T, 2123, 23T, 2 2T

T T 2T 23T, '>3TT2'>2T3 T3'>3T2T ’76TT2’710T ?
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TRIANGULAR ELEMENT

h(T-T.
( ?”) (4.7 Element temperature,

/é\C:/ = 4 g ?
Q\ T(X, y,t) DDN X,@? SE(H -
where, (1x3) (3x1)
1
Lx 1 N. = ﬁ(a] +bix +ciy)

|
. =1 2, 3
Then the temperature gradients are, mh

2?7772 ’70 b

Do ?

7;)%(- = —o1 7'7T(t) ?
2A £ ? (3xD)

32y 3 00 D1D ﬁ 3"

(2x3)
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TRIANGULAR ELEMENT

2 1 1o 2 1 19
? C—At2121 ?<.=h22121

h
71 1 29 71 1 29

Db ?cc bb,?cc, bb,?cc,?

kt 2
?(C? = A bb2 C,C,) bb3 C,C39

7 Sym b3b ?7CCy7

QAt

3 '71'7, 7Q 7— — % 7Qh

3% 313 313

%7-
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TRIANGULAR ELEMENT
If there is convection heat transfer aong the

edge length [0 between nodes 1 and 2, then the
corresponding matrices are,

htD’>2 L
? - 2 ?
Ky? = S 7 2%
0 0 07

21?2

hT, th 2 2

Q7 = —— )

%03

QUADRILATERAL ELEMENT

Element temperature,

T(22,) = N(2?2):77(t)?
(1x4) (4x1)

h(T-T,)

!

’ f(E{ 2(14-T))
0 ;l/
L 2

Then the temperature gradients,




QUADRILATERAL ELEMENT

2Ty . L TN My NG N2 2?2
%2 ,-)Jll le,) 790 oo oo oo 9T '7
oT? = 5 N, N, 2N, 2N ? 27
2 lo 35, 228 2 2 3 4’7 2139
’773/’? @’?’? 8T 8
DDDDDDDDDDDDDDD[H]
‘B(?,?)"
(2x4)
where 7, i, ] = 1, 2 arethecoefficientsin the
j

Inverse Jacobian matrix.

QUADRILATERAL ELEMENT
Finite e ement matrices,

T? = ,}1 '}1 26 2N(2,2) 2N(2,2) 2t | J| d2

K. = '711 '31 B(2,2)7 XK2B(2,2)|J|d?d?
k.= ,}1 ')11 h2N(2,2)?N(2,2)7| | d2 d?
.7 = 3 7 QaNe2)n||ded

?Qq? - '31 '31 as?N(2,2)2| | d? d?

7,7 = 2 2 hT,MNE2)I|d>
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QUADRILATERAL ELEMENT

These element matrices are evaluated using Gauss
Legendre numerical integration. For examples,

T? = ')11 911 262N(2,2)2N(2,2)7t | J|d2d?

, |>|?G I\’.I)G ww, ?C?N(’?i,?j)?%'(?i’?j)?t“](?i’?j)‘
i?1 j?1

412

QUADRILATERAL ELEMENT
and
k= '}1 ,)11 B(2,2)7 K7B(2,2)%| J|d?d?
NG NG /T

r r r
= i'__pl 121 v B(?i,?j):’.k?B(?i,?j):t

12.7)|

where W, Wj are the weights; 7,, ?j are the Gauss
point locations for the total of NG points.
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TETRAHEDRAL ELEMENT

Element temperature,
- - - ?
T<szt> = NOoy? 21O
(1x4) (4x1)

h(T-T,)

%\ VS ’7>(T4 T )

where the interpola-
3 tion functions,

y 2
N. = 6A (a] +biX+Ciy+diZ) i=1 2,3 4

414
TETRAHEDRAL ELEMENT

Then the e ement temperature gradients are,

?7T?

7% ? D, b, b, b,?

?,;’Xr? gt 2% 4?7T .

7 = W'}Cl C2 03 C4? : (t)

9;’_3(_9 A d d, d3 @D
1o po0mdporo

’)’)2’7 fo‘
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TETRAHEDRAL ELEMENT

Element matrices can be derived in closed form.
For examples,

2 1 1 17 12
? ?

x? = Vit 2 1L ?Q?:Q_zl?)

20 71 1 2 19 Q 4 5,

A1 1 27 273

K, = —(bb+cc+dd) i,j=1,2 3,4

36V

416
TETRAHEDRAL ELEMENT

If there is convection heat transfer on the element
face connecting nodes 2-3-4, then the corresponding
matrices are,

0 0 0 Of 207
?<7:%30211§’77_hTA313
h 125,0121{)'h"3,,1,,
011 2% 2173

where A isthe areaof that face.
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HEXAHEDRAL ELEMENT

Element temperature distribution,

T(2,2,2,1) = 7N(2,2,7)7 ?T(1)?
(1x8) (8x1)

where N, (?,7,7), i = 1,8 aetheelement interpola-
tion functions.

418
HEXAHEDRAL ELEMENT

The element temperature gradient can be derived,

PN, ?N ?Ng?
9T? 770Ny 2 82 7T, ?
T ap g, 2277 o LD wgedhl
T2 _ 25 o 522N, 7N, ?2Ng? 21272
’)oyz = Ay Iy ‘]23?’-; 2% o9 U o ??33[3
’oT 7 P P2 any
20 Y Jp JgiNy Ny Ngyoo s
2979 577 77 7252187

= B(?2,2,7)"?T1)7?
(3x8) (8x1)
where JI’) I, J=1,2,3 are the coefficients in the inverse
Jacobian matrix and "B(?, ?,?)" isthe temperature gradient
interpolation matrix needed in the derivation of the
conduction matrix.
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HEXAHEDRAL ELEMENT

Then finite element matrices can be derived in
integral form. Typical eement matrices, such as the
capacitance and conduction matrices, including load
vector from heat generation are,

Tt =3 2 2 2cNE22INER2,2)) I d2 d? o?
Ko =3 2 2 B(22.2TKB(22,2) |3 d?d? d?

0,7=3 3 3 QW22 d?d? a7

420
HEXAHEDRAL ELEMENT

These dement matrices are evauated using Gauss-

L egendre numerical integration as,

NG NG NG

2= 2 ? vvivvjwk?c?N(?i,?j,?k)?’N(?i,?J.,?k)?‘a(?i,?j,?k)‘
izl j=1 k=1
NG NG NG . PR ;

K =2 2 2 WwWW B(2,2,20 1 KB(2,2,,2,) 2.2,
izl j=1 k=1
NG NG NG

Q=2 ? ? wwweNG.2,2002.2,2,)
i=1 j=1 k=1

where W, W, W, are the weights; ?i,?j,?k are the

Gauss point locations for the total of NG points.
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LINEAR STEADY-STATE
HEAT TRANSFER

For linear steady-state heat transfer problems, the
derived finite element equations reduce to,

K K TOT? = Qe Qg Q QY

Solving such problems poses no difficulty. The system
of agebraic egs can be solved conveniently using
standard methods such as Gauss eimination, LU
decomposition, etc.

422
AMPLIFIER FIN TEMPERATURE
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MOTORCYCLE PISTON

F. E. Model

—

'A'AVAVIV“*;*-’_: = ———

Ny AVAYAwawawZ: (]
pLY <A

AVAVAVAV

NN
SN

TS T TN}
vaﬂ{!u-.‘-.é/ >
" VAVAVAVAVAY

i\
A

N
T

0
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MOTORCYCLE PISTON

Temperature Von Mises Stress

40 N/m2
70
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LINEAR TRANSIENT HEAT TRANSFER
Finite element equations:
Tk vk T = VeI e N/
c?iﬁ.KU+KhJW?_%%?+QQﬁan+%%?
The sguare matrices on LHS are not function of

temperature and the load vectors on RHS may depend
ontime. These eement egs. can be written, in short, as

CTH?7+ KIT? = Q7
where K = KC:? Kyt

Q7 = Q7+ Q!+ Q1+ Q7

426
RECURRENCE RELATIONS

Nodal . Toga Knowing temperature T |

temp. 2 .
/TM a time t, want to compute
| temperature T, & time t.,,
using the time step of ?t.
" — > t From the figure,
n ? n+l
et t,=1t +2?t 0?2?71
and the approximate temperature gradient is,
T T
T, ?

n+tl”~ 'n
?1
Then, the temperature at time t, is,
T, ? 1-?2T,+?T 4




RECURRENCE RELATIONS

Finite element equations are evaluated at time t.,,
rotlis ?,_, + KI?T?, = Q7
Since the nodal temperature gradients are,
?‘ﬁ? o) ?T?n+1 B ?T?n

bh 7 5
and the nodal temperatures, o

ML 2?2 -T2+ 27?2
Also the load vector at time t.,,

Q7 2 1-2)7Q7 + 2797 .,
Substitute these into the FE egs. above to yield,

427

RECURRENCE RELATIONS
1 1
gﬁtc???k?g?r?nﬂ = éﬁ'h?-(l-?)?(?:-??T?n

+ (1-2)?Q%, + 27Q? 4

Solution procedure and results depend on ? selected,

27 Method

0 Euler
1/2 Crank-Nicolson
2/3 Gaerkin

1 Backward difference

428
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EULER METHOD

If ?2= 0, the element equations reduce to,

1 1
51T = 2 T2KEN + 7,

In addition, if [C] is lumped, then can solve
“Uncoupled equations”. As an example, the capaci-
tance matrix for 1-D rod element is,

21 17

_ 23 67

T? = 72cAL o 1
7% 3?

EULER METHOD
The corresponding lumped capacitance matrix is,

el ?
2 s oAl 2 2
4 'Iumped = ?CAL 2 12
P o2

For other element types, the coefficients along the
diagona line of the lumped capacitance matrix are
determined from,

Ci = 5 7cN.d?

1l .
) (e
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EULER METHOD

Note that the Euler method,

= leads to uncoupled egs caled *“Explicit
method”, that helps saving computer memory.

= the time step used must be less than the
critical time step, if not, the solution can
diverge.

432
CRANK-NICOLSON METHOD
If ?=1/2, the element equations become,

?;iit??%w?w?nﬂ : g,,it?c?- %k?}?T?n

27t
1
+ E??Q’?n ? Q757

which are coupled equations. The method is called
“Implicit method” that,

= Can use larger time step than the Euler method

= Can provide higher solution accuracy

= Mmay give ostillation of solution if time step is
too high




GALERKIN & BACKWARD
DIFFERENCE METHODS

1 1
;%,)_t'c% ?k?;é?r?nﬂ = gﬁ'.t?-(l- ?)?('%?T?n

+ (1-2)7Q7 + ?27Q7
Galerkinmethod (2% 2/3) (1-27Qe + 74Q%

« If use large time step, oscillation is less than
Crank-Nicolson

= However, solution accuracy is also reduced

Backward difference method (7?2 1)

& Provides smooth solution with no oscillation

« Gives less solution accuracy compared to
other methods

434
TRANSIENT HEAT CONDUCTION IN SLAB

o diff e ol 2T
Governing diff. eg.: ?c? - k? = Q

y T(t,) Q Boundary conditions,
TOY =T(L,t) = 0

Initial condition

SSN

T(ty)

T 7 T(x,00 =0 and
24 Tl T2 90 t<0
bt Qx, 1) = 2

Qy t?0

Use 2 elements to compute transient nodal temperatures
T,(t) and T(t) inthefigure.
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TRANSIENT HEAT CONDUCTION IN SLAB

Finite element egs. for this problem are,
R+ K 2T? = Q7+ '.’QQ'.’
and the typical element egs. are,

A
ponl 73 6@?@ KA 91 -199T9
CAL S 1,) $ e
= 29 %1 1»>9T29
_ 3 —(0)9 , QAL
- dT 2 A
’PkA—(L)’P 7?
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TRANSIENT HEAT CONDUCTION
IN SLAB

Given L =14, ?=4,c=3, k=18 and Q,=10
element egs. are assembled. After applying boundary
conditions, the system egs. reduce to,

22 05737,3 21  -0573T3 92507

2 05 154 5 2?7 7 = 2 2
05 17353 205  05737,3 51.25%
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TRANSIENT HEAT CONDUCTION IN SLAB

Then applying the Crank-Nicolson method with ?t =1, this leads
to the solution below,

noot T T
100 T, 0O 0 000 000
Temp. T 1 1 092 082
2 2. 162 172
5t T 3 3 223 256
4 4 278 332
5 5 326 400
O0 25 50

time, t

50 50. 747 995

438
TRANSIENT HEAT CONDUCTION IN SLAB
If use the Euler method, the system egs. are uncoupled,

B 07373 21 -0527T,2 22507
2 2?75?27+t 9 27?7 ? ?
0 155373 205 05297, 71257

Euler Crank-Nicolson
O Lo T0 T
0.00 0.00 0.00 0.00
0.83 0.83 0.92 0.82
153 167 1.62 1.72
213 245 2.23 2.56
2.66 3.18 278 3.32
3.14 3.84 3.26 4.00

O WN PP O S
OO WODNPFPO

50 50, 746 0.94 7.47 9.95
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NONLINEAR STEADY-STATE

HEAT TRANSFER
Finite element equations:

K (T) 2K, (T)? K (T)i?T? = 2Q7?

Therma
AsS an exampl e, the conductivity,

conduction matrix k(T)

K 1= 2B k(T):Bid?

C

Ter;p., T
The above element egs. can be written, in short, as:

KTYT? = 297

440
NEWTON-RAPHSON ITERATION
TECHNIQUE
f(x)
* Tosolve, f(x) =0
T Want to find the root x,. Ideais

f(IO) to use Taylor series expansion,

Xo X1
e
df

f(x) = fxp+?%x) = f(xy) + dx ?2X + ... =0

= X




NEWTON-RAPHSON ITERATION
TECHNIQUE

Compute ?x by taking only the first two terms,

df
dx
00 50
Jx9)

?x = -f(x,)

Then the approximate x, is,

X, = x0+?x

441

NEWTON-RAPHSON ITERATION
TECHNIQUE

In conclusion, the iteration procedureis,

1. Solve JxM 2x™L = f(xM)
where Jx™) isthe Jacobian at the m™ iteration

2. Update XML = xm 4 oxm+l

3. Check for convergence. If yes D Stop
No I Goto step 1
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NEWTON-RAPHSON ITERATION
TECHNIQUE

Now, for aset of n simultaneous finite element
egs., start from guessing a set of noda temperature
solutions,

KM?T?-7Q7 2 0 but = 7R?

where 7R ?isthe residual vector. Theresidua for the ith
€qg. is
n
R = -?1 Ky (T Trevvees )T -Q
J:

NEWTON-RAPHSON ITERATION
TECHNIQUE

Similary, apply Taylor series expansion,
R(T, + 2T, T,+2T,...T +?T.)

N ?R
= Ri(Tl’TZ’ ...... ,Tn) + '7 ?_{(Tl’ o ’Tn)?Tj o
J

21
=0 J
and take only the first two termsto get,
PR,
? S (T T)?T = -R(T T T

2T.
j71 'TJ
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NEWTON-RAPHSON ITERATION

TECHNIQUE
which can be written in matrix form as,

7R, 7R ?R,?2 %12 ?n ?
vl I T At Y
%R oR R2? 2 2 2
T w2 00 S2PTE R
27T, 7, M23 3 = 377
: 0?70 0
o4 L 5?20 7? 257
50 0 b 2oUs 209
??Rn R . ?Rn???T? 7R ?
T, 2T T 33 ™ 2."3
30w o ®oooodm? A0 Einlnl

J NT? R?

(nxn) (nx1) (XL

446

NEWTON-RAPHSON ITERATION
TECHNIQUE

Thus the iteration procedure s,
1. Solve YT T = 9RYY

where m isthe mih iteration.

2. Update 7l = 7 4 o7

and check for convergence.
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TEMPERATURE DEPENDENT

MATERIAL PROPERTIES

Example  Derivethe Jacobian matrix for rod element
with temperature dependent thermal conductivity.

k

Tr(x) I, (M)
T /

T« % e
1E ¥2

IT i ~I T, =T

Here, the element egs. are, ‘K(T)"7T? = 7Q7?
Then theresidualsvector is, R? = K(T)"?T?- 2Q?

TEMPERATURE DEPENDENT
THERMAL CONDUCTIVITY

Since the coefficients in the Jacobian matrix are,

7R. 5 2
J = =L = =72 K.T-Q)
. Al
'J ’?Tj ?Tj 01 ' '
2 7T 2 K.
= 2K, —+?2 1 -0
. 0 . U
=1 ’?Tj =1 ?Tj
2 K.
— il
Jy = K+ 7? ’?TI. T




TEMPERATURE DEPENDENT
THERMAL CONDUCTIVITY

Since the average temperature is T,= (T, + T,)/2, then,

2 K. 2T

l = K. ? 92 _ W _aT
. 0
Y I 171 '?Ta '?Tj

2 K.
15 Mg+

I

2
N
|

449

TEMPERATURE DEPENDENT
THERMAL CONDUCTIVITY

Thus, the Jacobian matrix is,
21 -1» 2T, -T. T,-T, 2
;= KA TELIKRAS L 2 2 )
L >1 19 2'?'|_aL?Tl+T2 -T1+T2?

which can be used for programming directly. Note that
?k/?T, isthe dope of therma conductivity wrt. tempe-
rature at the average eement temperature.  Such
guantity can be computed from user input table. Also
note that [J] is unsymmetric matrix, thus more memory
Is required in addition to more CPU time from iteration

procedure.
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NONLINEARLITY FROM RADIATION

Finite element equations are,
K C': + 'Kr(T)':':?T? = '.’QC'.’ + '.’Qr /

From a set of guessing nodal temperatures, the residual
vector is,

M7 = w« D19 4% - 7.0 ?
R? = Eﬁg..ﬂ.+???T N 7d? DQB'DD .

S
R?%na AO0OD D D R oad
R

452
NONLINEARLITY FROM RADIATION

Applying the Newton-Raphson iteration method,

JM T = oro™

Here the coefficients in the Jacobian matrix are,
Ji = Gpeond T Grag ¥ Gjioad
3R,3

'bﬁ’)
? "] Zcond

OV
N
Py

—
NN

3

—

+

—




RADIATION HEAT TRANSFER
For independent material thermal conductivity,

ror

(Jij Jeond = K¢ or Jtond = :KC':
ij
The Jacobian matrix coefficients from radiation can be
derived, 5 .
g = 57 (227N d?)

'S
4 o7
_ 3"
= (74T W)Nid?)
Sy
T . ? _ _
But 7T " W(NDTD) = ND?DJ. = Nj

J

RADIATION HEAT TRANSFER

Then () = 272T NN, d? or
S4
V2% = A2 TON2N2A?
S

4
Thus, the finite element egs. needed for solution are,

M 5N NoTomMHl _ _onoM  aonaM Ao em
27 20T 22T =R RN -RID

cond * cond

where m isthe mih iteration.
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RADIATION HEAT TRANSFER

Exanple  Derive the Jacobian matrices and residual
vectors for rod element with surface radiation.

Radiation
5 i
Y — ¥ 2
e A A
31,3 31,3
Hee  T0)=N, N,? 5 = -2 275515
3 7 L L7313
Then aN. 3 L
? =172
72 =K =35 BN NAAa) = KRS TS
e 0N T 51 17

456
ROD WITH SURFACE RADIATION

L 32N, 2
02, = 2 422 (N +N,T,) 3N;3 N, N,2(pdx)

22pL glon’ ? 6T12T2 ? 3T1T22 ? T23 2T13 ? 3T12T2 2 3T1T22 2 ZTSZ
15 5912 A o2 25013 132 2 :
22T 23T T,?3T,T. 22T, T ?3TT,?6T,T, ?10T.7

MY = o kAZT-T, 2
R? 7KC77T L":;Tl"‘ng

L 42N, 2
MR = 227 (NT+N,T) N2 (px)

4 2 2 3.4

_ ?7?pL 25-21 ?41;131_ 2?3-21-22 ?2T113_2?T%1 2
30 H .
5_3T1 ?2'|'1T2?3T1T2 ?4T1T2 ?5T25_;3
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NONLINEAR TRANSIENT
HEAT TRANSFER
__ Finite element equations,
CMYTD?+ KM?PTH? = 2T,1)?

Exanple  Derive the Jacobian and the residua for a
single DOF nonlinear transient equation,
T+@+bTMT = 0

where a and b are constants. The initial condition is
T(t=0) =T,

NONLINEAR TRANSIENT
HEAT TRANSFER

To solve this problem, we need to apply the
recurrence relations. and then the Newton-Raphson iteration.
By comparing the given diff. eq. and the FE egs., we have,

‘CM =1, KTM?= a+bl, 2T, )7 =0

As an example, applying Crank-Nicolson (?2 1/2) leadsto,

21 2 _ '71 2
g')_t ? _(a an’)1/2)f_~?Tn+1 - f)f)t (a an’)1/2)f_~?Tn

where n isthe ni"" time step.
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NONLINEAR TRANSIENT
HEAT TRANSFER

: _ 1

Snce T ., = E(Tn +T,,q), then,
? ? ?

B +al 20T 2 bIIT L 3T

2 4 n 4 n’?l{; n+1

_ 2 7t 2t . 7
= §1 az - b T, - bZTrm?Tn

which isin form of nonlinear equation,

K (Tn+1) Tn a - 6 (Tn+1)

NONLINEAR TRANSIENT
HEAT TRANSFER

Then applying the Newton-Raphson iteration
method. Theresidual,

R = K (Ths2) Thag - Q (Thed)

which leads to the incrementa equation,
Jm ,)Tm+l . Rm

n+l
where m isthe m" iteration. Here,

m _ ?1t 7t ?t_-m 2.m
R™ =% +a5 2 bT, 2 b TR ST
2 1 ?t ?2t.m 2
- 21 - a? - bZTn - bZTn?lr_;)Tn
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NONLINEAR TRANSIENT
HEAT TRANSFER
Then the Jacobian is,
m oo R
T

n?1

_ ?t ?t
= 1+ a?+ b?T + p 2t Tn+l

In conclusion, at each time step, need to perform
iteration and solve the incremental equation. The
Iteration process is repeated for the total number of time
steps specified.

462
CONVECTIVE-DIFFUSION EQUATION
Governing differentia equation,
7 T 2T, 7T
-(?XX+?y Z) 7C(U§+VW+WE)+Q
_ T
= ?CW

where u, v, w are the given velocity components in the
X, Y, z directions, respectively. Using MWR, the
corresponding FE egs. can be derived as,
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CONVECTIVE-DIFFUSION EQUATION

T+ TK T K+ KT

= QT+ Q!+ QI+ 1Q,Y

All matrices are the same as before, except the new
matrix,
Kt = 92eN?u v woiBld?

,©

which is called “ the mass transport convection matrix”.
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ONE-DIMENSIONAL STEADY-STATE

CONVECTIVE-DIFFUSION EQUATION

Typica element

VA1 84444 //:// y L4444

oL
S A [ S
L—> X A

0 =

Governing differential equation,

2
kAd—T - ?cAuz—T = 0

2
dx X




ONE-DIMENSIONAL STEADY-STATE
CONVECTIVE-DIFFUSION EQUATION

and the corresponding finite element egs. are,

K i+ K 0m? = QY
If use standard linear €lement,
2T. 2
TX) = N, N.?72.15
L T
2
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FINITE ELEMENT MATRICES

Then the conduction matrix and conduction vector are,

r r -1 -17
K= %L?B?k:B?(Adx) - KAYL %

L 21 17

’) dT 2

Q.7 = ('7|\| kA — = f) dT )
c dx 7kA—(L)7

and the mass trangport convection matrix (Bubnov-
Gderkin) is,
r r 2 -1 17
K, = ’();'?C?N?U?B?(Adx) = AU

2 21 17
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FINITE ELEMENT MATRICES

Then the finite element egs. are,

2 . dT,?

271 -12  pe?l -1222T;? 7L 502
27 2+t —9 P77 = 7 q ?
221 1% 251 1995759 219712
o ? dx ?

where Pe= ?cuL/k iscalled “grid Peclet number” that
depends on the element length.

468
PETROV-GALERKIN FORMULATION

Note that solution oscillates if element length is too large.
Oscillation can be eliminated by using different weighting

functions,
ke W3 3N3 2, 219
W? =5 o= 2 T2+32(5-5)2 2
W3 3NL3 L1 L >12

where ? isaconstant. If ?=0 then {W}={N} whichisthe
standard BubnowGalerkin formulation. If ?=1 iscalled
full upwinding finite element that always give smooth
temperature distribution. The corresponding mass transport
convection matrix is,

2cAu?1l 1?7 _ocay?l -1?
2 2+ 7? 2

! ?
71 Iz 2 71 17

X, 7= ?)L 2c?7W 2u BAA) =




CONVECTIVE-DIFFUSION EXAMPLE

T=1 oD T=0

7 7777 77777777777777777777 77 7777

——uoX
<t 0 =

Exact temperature distribution,

T = 1- (- Mya-e™

.A-

High Pe

— Exact
.,a Standard F.E.
o,& Upwind F.E.

0 X 0
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